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Abstract
In this work, we investigate a hybrid quantum-classical (HQC) approach to envisage a quantum neural network

using quantum parameterized circuits (QPCs). To simulate these quantum circuits, we make use of three different
libraries based on the task at hand: Pennylane by Xanadu [3], pyQuil by Rigetti [4] and Qiskit by IBM [5]. Our
analysis shows that given enough labelled training data points {x; f (x)}, a QPC with sufficient qubits and depth
can be trained using classical optimization routines to perform both regression and classification tasks.

Introduction
Fault-tolerant universal quantum computers still appear to be more than a decade away. However,
consistent growth in the field of quantum technologies over the years has lead to the development of
Noisy Intermediate-Scale Quantum (NISQ) devices. The computational capabilities of these devices
are considerably restricted due to limited connectivity, short coherence time, poor qubit quality and
minimal error-correction. A particular class of useful algorithms that can be executed on these de-
vices are variational algorithms which use the following hybrid approach: Prepare a highly entangled
quantum state using a limited depth quantum processor, then apply a classical optimization routine on
the gate parameters to converge to that quantum state for which the objective function is minimized.

Availability of massive amounts of data in the natural sciences has enabled the use of machine learn-
ing (ML) and artificial intelligence (AI) for tasks ranging from molecular discovery to prediction of
new genes. Despite the excitement and promising results, the requirement of extensive computational
resources to train ML models largely restricts their current applicability. Various proposals have been
made to overcome this bottleneck, and one of them is to use quantum computers to achieve signif-
icant speedups. In the same spirit, we showcase a quantum-assisted approach in which a QPC is
used as a machine learning model and optimized using a scheme similar to back-propagation in feed-
forward neural networks. In general, such a circuit (model) can then be trained for a given labelled
dataset {x, f (x)} on current generation NISQ devices to perform classification and regression tasks
by learning a function f (x).

Methodology
1. Encode the classical information, i.e., given input data {xi}, unitary input gate Uxi, and teacher
f (xi), we encode {xi} into some quantum state |ψin(xi)〉 by applying Uxi to the initialized qubits
|0〉⊗N .

2. Mimick f (~x) using a θ-parameterized unitary to generate the following output state

|ψout(xi, θ)〉 = U(θ) |ψin(xi)〉 (1)

3. Train the quantum circuit using expectation measures of the following observables:
{Bj} ∈ {I,X, Y, Z}⊗N

Encoding
We can represent the state of any qubit k by:

ρk =
I + ~m.~σ

2
(2)

Here, ~m is the bloch vector and ~σ is the pauli vector. We encode our classical input data ~x in the
components of ~m using standard rotation gates: {Rx(θ1), Ry(θ2), Rz(θ3)} and then represent the state
of an N-qubit register in the orthogonal pauli basis as:

ρen(~x) =
1

2N

∑
i1,i2,...,in

ai1,i2,...,in(~x)
[
σi1 ⊗ σi2 ⊗ . . .⊗ σin

]
(3)

Here i1, i2, . . . , in ∈ {0, 1, 2, 3}, σij ∈ {I,X, Y, Z} and the 4N real coefficients ai1,i2,...,in are char-
acterized by some polynomial in the classical input data ~x.

θ-Parameterized Unitary
After doing the state preparation of our classical input data ~x, we need to find a unitary U that evolves
the encoded state into the target state that corresponds to f (~x). Such a unitary can be realized by
using the following two unitary blocks:

• Uent – Entangler unitary consisting of a series of two-qubit C-NOT gates acting between each
pair of qubits. We can measure the unitary’s entangling capability by using the Meyer-Wallach
entanglement measure [1]:

Ent =
1

N |S|
∑
θi∈S

N∑
k=1

2(1− Tr[ρ2k]) (4)

where ρk is the one-qubit reduced density matrix, S = {θi} is the set of sampled circuit parameter
vectors.
• U{~θ} – θ-Parameterized unitary corresponding to the gate operation: Rz(θ)Ry(φ)Rz(λ) acting on

each qubit. We can measure its expressibility using the following measure [1]:

Expr = DKL( ˆPPQC(F ; θ)||PHaar(F )) (5)

where where P̂PQC(F ; θ) is the estimated probability distribution of fidelities resulting from sam-
pling states from a PQC.

The unitary U = {Uent, U{~θ}} can be thought of as the single layer of a neural network. Thus,
applying multiple unitary blocks should be equivalent to using a multi-layer neural network.

Parameterized Expectation Measurements
Given the density matrix ρ, the expectation value of any Hermitian operator M̂ is easily obtained by
obtaining Tr(M̂ρ). In the pauli basis, any hermitian operator M̂ can be expressed as∑
i1,i2,...,in = bi1,i2,...,in[σi1,i2,...,in]. Hence, 〈M̂〉 will be equal to

∑
i1,i2,...,in ai1,i2,...,inbi1,i2,...,in.

When measurement of the kth qubit is performed along the σl direction, the coefficients a...ik... are
set to zero for σ̂il⊥σ̂j. In our case, since the coefficient aij describing the state ρen is characterized
by some polynomial in classical input data ~x, from (3) we can see that the same will happen for
〈M̂〉. Therefore, it is sufficient to perform a single qubit measurement in the computational basis on

qubit 0 to train our QPC. This output can be represented by some function F , and then for a chosen
observable Bj we have the following output:

yi = y(xi, θ) ≡ F (f〈Bj(xi, θ)〉)) (6)

We use this to tune our QPC parameters iteratively by minimizing the following loss function:

Lf,y = L(f (xi),y(xi,θ)) (7)

Results
We used our proposed model to learn functions f (x) such as x3, sinx, and ex. For doing this we used
a QPC with number of qubits (N) and depth (D) to be 5. We made use of 25 training points for each
of these functions with MSE loss, and the bloch vector used to encode them into the quantum circuit
was:

~m(x) = x3î + x
√

1− x4ĵ +
√

1− x2k̂ (8)

To apply gradient descent we calculated the gradient of the expectation value of an observable 〈B(θ)〉
with respect to the circuit parameters ~θ using the following relation [2]:

∂〈B〉
∂θj

=
1

2
Tr[BUl:j+1Uj(

π

2
)ρjU

†
j (
π

2
)U
†
l:j+1]−

1

2
Tr[BUl:j+1Uj(

−π
2
)ρjU

†
j (
−π
2
)U
†
l:j+1] (9)
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Figure 1: Overview of the quantum parameterized circuit

Number of cir-
cuit layers (L)

Expr (DKL)

1 0.24
2 0.053
3 0.020
4 0.007
5 0.005

Table 1: Expressibility values (or KL divergences) for
the circuit with n=4 qubits. A lower value of Expr
corresponds to better expressibility.

Figure 2: Plot for f (x) = x2

Figure 3: Plot for f (x) = sinπx

Number of cir-
cuit layers (L)

Ent 〈Q〉

1 0.43
2 0.62
3 0.70
4 0.75
5 0.80

Table 2: Entangling capability values for the circuit
with n=4 qubits. Range: [0,1] where, Ent increases
from 0 to 1.

Figure 4: Loss function variation w.r.t. batch itera-
tions for f (x) = x2

Figure 5: Plot for f (x) = x3

Future Work
In an effort to improve hybrid quantum-classical algorithms like these, one needs to develop princi-
pled approaches to design parameterized quantum circuits. In this spirit, we aim to come up with one
such approach that will aid in designing (and selecting) a problem-based ansatz in terms of accuracy,
scalability, and implementability on near-term quantum devices.
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